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The asymptotic conformal invariance in Chern-Simons theory with matter in
curved space-time
Alexandr V. Timoshkin
Tomsk Pedagogical University,634041 Tomsk,Russia
We consider the asymptoic behaviour of the Chern - Simons (CS) theory
with matter in curved space - time. The asymptotics of effective couplings are
discussed.
1. The study of renormalizable field theories in curved space [1,2,3,4] proved
the existance of the phenomenon of asymptotic conformal invariance. In this
short review we discuss the asymptotic behaviour of 3d CS theories in curved
space. Let us consider renormalizable abelian CS theory with scalar and spinor
in three dimensions [5]. The Lagrangian looks like:
L =
1
2
ǫµνλAµ∂νAλ + |DµΦ|
2
+ iΨD̂Ψ+ αΨΨΦ∗Φ− h (Φ∗Φ)
3
(1)
Here Dµ = ∂µ − ieAµ,Φ,Ψ-complex scalar and dirac spinor consequently,
coupling constants e,h,α are dimensiionless. The theory with Lagrangian (1) is
multiplicatively renormalizable.
The two - loop RG equation for coupling constants has the form [6,7]:
(8π)2
de (t)
dt
= 0
(8π)
2 dα (t)
dt
=
14
3
α3 (t)− 34α (t) e4 (t)− 24e6 (t) (2)
(8π)2
dh (t)
dt
= 168h2 (t)−84h (t)α2 (t)+36e8 (t)+8α (t) e6 (t)+4α2 (t) e6 (t)−4α4 (t) .
It has been shown in paper [6] that for the theory with Lagrangian (1) exists
finite four cases in which the theory is finite at two - loop level:
1. α = 3e2, h = −
19
4
e4
2. α = 3e2, h = e4; (3)
3. α ≈ −2, 23e2, h ≈ −0, 59e4;
4. α ≈ −2, 23e2, h ≈ 0, 62e4.
In regime of finiteness the effective coupling constants are:
e (t) = e, α (t) = α, h (t) = h, (4)
where values α, h give one from four variants (3). Let us consider the limit
t −→∞ (infrared) for solutions of equations (2). In this limit independently of
initial values
1
h(t) −→ e4, α (t) −→ 3e2. (5)
Therefore the theory becomes finite and supersymmetric in the asymptotic
[8]. Consequently supersymmetry is infrared stable as far as in four dimensions
[8].Let us study now the theory in the limit t −→ +∞. In this case we fix the
initial value for α : α (0) = 3e2.Then α (t) = 3e2 and at t −→ +∞, h (t) −→
− 194 e
4 independent of initial value h(0). Consequently in ultraviolet asymptotic
under fixed value α (0) = 3e2 the theory effectively becomes finite (asymptotic
finitness [8]). In this case initial value h (t) is arbitrary. Fix now α (0) ≈
−2, 23e2. Then at t −→∞, h (t) −→ 0, 62e4 independently of initial value h(0).
The theory again appears to be asymptotic finite. In ultraviolet limit two regims
of asymptotic finitness exist.
2. Let us consider the behavior of effective charge ξ (t) in abelian CS theory
with matter in curved space - time, the beta-function on two - loop level has
the form [10].
β
(2)
ξ =
(
ξ −
1
8
)
γ
(2)
m2
, (6)
where γ
(2)
m2
-gamma-function for mass of the scalar field in two - loop ap-
proximation. Then with supposition (6), two - loop RG equation for ξ (t) has
the form:
dξ (t)
dt
=
(
ξ (t)−
1
8
)
· γ
(2)
m2
(t) , (7)
where γ
(2)
m2
is given in paper [7]. Then the solution of equation (7) in regimes
of finiteness (3) has the form:
ξ (t) =
1
8
+
(
ξ −
1
8
)
· eγ
(2)
m
2 ·t (8)
where γ
(2)
m2
= 0 (for N = 2 supersymmetric theory) or γ
(2)
m2
≈ − e
4
24pi2 ·11, 23×
6, 77.
Therefore at α ≈ −2, 23e2 the theory appears to be asymptotic conformally
invariant in d = 3 at t −→ ∞, ξ (t) −→ 18 independent of initial value. At
t −→ −∞, |ξ (t)| −→ ∞. For N = 2 there are 18 regimes of finiteness for γ
(2)
m2
can be positive, negative or zero. Then at t −→ ∞ the following situations are
possible:
1. ξ (t) −→ 18 (asymptotic supersymmetry);
2. ξ (t) = ξ (the asymptotic supersymmetry);
3. |ξ (t)| −→ ∞.
For t −→ ∞ the behavior of ξ (t) in 1 and 3 is exchanged. Thus, it is
shown that in d3 gauge theories also can be asymptotic conformal invariante of
exponential type, like in [9]. This short review is mainly based on ref.[10].
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